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1. A tennis tournament has at least three participants. Every participant plays exactly one
match against every other participant, and moreover every participant wins at least one
of his or her matches. (Draws do not occur in tennis.)

Show that there are three participants A, B, C for which the following holds: A wins
against B, B wins against C, and C' wins against A.

Solution: We will present four different solutions. They are all essentially proofs by
induction, although only two are explicitly stated in this form: the other two make use
of the “extremal principle”.

Solution 1. We first show that there is a cycle, i.e. m distinct participants Aq,..., A,
such that A; beat A, Ay beat Az, and so on, up to A,,, who beat A;. Choose an
arbitrary participant By. Then B; beat some participant By, who beat some Bs, and so
on. Since there are only finitely many participants this sequence must eventually contain
a player B; who beat some B, with v < t—1. Then B,, B,11, ..., B; form a cycle, which
necessarily has length at least 3.

We now show that there must in fact be a cycle of length 3. Among all cycles chose
C1,Cs, ..., Cy of minimal length M. If M = 3 then we are done; otherwise, M > 3 and
we consider the game between C; and C5. If C3 beat C; then Ci,C5y, C5 is a cycle of
length 3, contradicting the minimality of M. On the other hand, if C} beat Cj5, then by
omitting Cs we obtain a cycle C, Cs, ..., Cyy of length M — 1, again contradicting the
minimality of M. Thus, we must in fact have M = 3, and C, Cy, C}3 is the required cycle
of length 3.

Solution 2. Choose a player A who won the least number of games, and consider the set
L of players that lost to A. The set L is nonempty, since each player won at least one
game, so we may choose a player B belonging to L.

If B only won against players belonging to L then B won at most |L| — 1 < |L| games,
contradicting our choice of A as a player who won the least games. So B must have
beaten some player C not belonging to L. Then C' must have beaten A, so A, B, C form
the required three-cycle.

Solution 3. We will prove the result by strong induction. For the base case n = 3, choose
an arbitrary player A. Then A must beat some player B, and B in turn must beat the
third player C'. Then finally C' must beat A, since C' wins at least one game and lost to
B. This gives us a three-cycle.

Now suppose that the result is true for any tournament satisfying the given conditions
with 3 < k < n players, and consider such a tournament with n 4 1 players. Choose an



arbitrary player A, and let W be the set of players that won against A, and L the set of
players that lost against A. As in Solution 2 above L must be nonempty.

If there is a player B in L that beat a player C' in W then A, B, C form the required
three-cycle, and we are done. Suppose then that there is no such player, and consider
the tournament consisting of just the players in L. Since each player in L beat at least
one other player, and did not beat either A or a player in W, each player in L must have
beaten some other player in L. Moreover, for this to be possible there must be at least 3
players in L. The induction hypothesis then gives us a three-cycle within L, and we are
done.

Solution 4. Suppose there is no three-cycle, We will show that it is possible to label the
players Py, P, ..., P, in such a way that P; beat P; if ¢ < j. Then P, will have lost all
of his or her games, contradicting the fact that every player wins at least one game.

To construct the labelling, choose an arbitrary player as P;. Suppose now that for some
1 <k <n—1 we have chosen k players Py,..., P, such that P; beat P; if ¢ < j. Each
player won at least one game, and since P, ..., P, all beat P, there must be some as-
yet unlabelled player @) such that P, won against ). If ¢ < k then P, must also have won
against @), otherwise P, Py, ) form a three-cycle, and this implies that we may choose
@ as player Py,,. By induction this gives us the required labelling, and the problem is
solved. O

. There are n towns, some of which are connected by a total of m two-way air routes. For
1 =1,2,...,n, let d; be the number of routes going from town i. If 1 < d; < 2010 for
each i =1,2,...,n, prove that

> " d;? < 4022m — 2010n.
i=1
Find all n for which equality can be attained.

Solution: By the given conditions 0 < (d; — 1)(2010 — d;) holds for each i, so d;* <
2011d; — 2010. Since Y., d; = 2m, summing up these inequalities gives

Z d;? < 2011 - Z d; — 2010n = 4022m — 2010n,
i=1 i=1
as desired.
Equality holds if and only if d; € {1,2010} for every 1 < i < n. This splits into two cases:

If n = 2k for some k£ € N, then setting an airline between towns ¢ and 1+ k forte=1,...,k
and no other airlines yields a configuration with d; = 1 for all 4.

If n =2k — 1 for some k € N, we cannot have d; = 1 for all ¢ because the sum of all d;
must be even, so we must have d; = 2010 for some j; hence n > 2011. On the other hand,
setting an airline between towns 2¢ and 2¢ + 1 for ¢+ = 1006, ...,k — 1 and between 1 and
1 for 1 <1 < 2011 yields a configuration with d; = 2010 and d; =1 fort=2,...,n.

Therefore equality can be attained if and only if n is even or n > 2011. U



3. The cells of an n x n table are to be filled with the numbers 1, 2, 3 and 4 in such a way
that whenever four cells share a common vertex they are to contain all four numbers. How
many ways are there to fill in the table?

Solution: We first show that the table is correctly filled in if and only if at least one of
the following conditions is fulfilled:

(a) Each row of the table has exactly two numbers alternating throughout the entire
row. One pair of numbers appears in the even numbered rows, and the other pair in
the odd numbered rows.

(b) Each column of the table has exactly two numbers alternating throughout the entire
column. One pair of numbers appears in the even numbered columns, and the other
pair in the odd numbered columns.

To prove this, we may assume without loss of generality that the upper left 2 x 2 square
is filled in as follows:

112
4

Consider the first two columns. The two entries in the third row must be 1 and 2 in
some order, and then in turn the entries in the fourth row must be 3 and 4 in some order.
Continuing in this way we see inductively that the two entries in the odd rows must be
1 and 2, in either order, and the entries in the even rows must be 3 and 4, in either
order. Moreover, any way of filling in the first two columns satisfying this rule satisfies
the condition given in the problem.

Suppose now that the first & > 2 columns have been filled in satisfying the given rule.
We make several observations:

(a) As soon as one cell of the (k + 1)th column is specified there is at most one way
to complete the rest of the column. This is because the neighbours of any filled in
cell will now be adjacent to at least three filled in cells, leaving at most one possible
number that may be entered.

(b) There is always at least one way to fill in the (k£ + 1)th column, namely, to simply
copy the (k — 1)th.

(c) If the kth column alternates then there are exactly two ways to complete the kth
column; otherwise, there is just one.

To prove this last observation, first suppose without loss of generality that the kth
column alternates 1 and 2. Then each square in the (k + 1)th column may only
contain 3 or 4, so there are at most two ways to complete the column, by the first
observation. Moreover, alternating 3 and 4, starting with either one, clearly satisfies
the condition, giving us exactly two ways to complete it.

Next suppose that the kth column does not alternate. Then it must contain three
consecutive entries that are all different (for example, the first entry that does not
equal either of the entries in the first two rows, and the two preceding entries).



Without loss of generality this gives us the configuration

1

3

and there is at most one way to complete the (k+ 1)th column, because x must be 4.
By the second observation the (k4 1)th column is therefore a copy of the (k — 1)th.

Putting these observations together, if the first of our two columns filled in as above
doesn’t alternate 1 and 3, then the second column won’t alternate 2 and 4, and each
column will be equal to the column two before. This implies that the rows alternate. On
the other hand, if the first column does alternate, then the next will too, and after that
there are two possible ways to fill in each column, each of which alternates. This gives
the claim made above.

The number of ways to complete the table are now easily counted. There are 4! ways to
complete the top left 2 x 2 square, and for each of these there are 2"~2 ways to complete
the table so that the rows alternate (the first entry of rows 3-n may be chosen in two
possible ways, and then the table is determined), and similarly 2"~2 ways to complete the
table so that the columns alternate. Since there is just one way to complete the table so
that both rows and columns alternate, this gives a total of

412 %272 1) =427 —1)
ways to complete the table. O

. There are 2n people seated around a circular table, and m cookies are distributed among
them. The cookies may be passed around under the following rules:

e Fach person may only pass cookies to his or her neighbours.

e Fach time someone passes a cookie, he or she must also eat a cookie.

Let A be one of these people. Find the least m such that no matter how m cookies are
distributed to begin with, there is a strategy to pass cookies so that A receives at least one
cookie.

Solution: We claim that the minimum possible value is m = 2". To assist in solving
this problem we will define a monovariant — a quantity that can either only increase, or
only decrease, as the cookies are passed around. The use of the monovariant to prove
m > 2" is necessary follows the official solution, and the use of it to prove m > 2" is
sufficient follows M. Granville.

We begin by labelling the people A_, 11, A 10, ..., A1, Ao, A1, ..., Ayq, A, in a
clockwise fashion, in such a way that A = Ay. For convenience we also let A_,, = A,,. We

now assign weight 1/2/7 to a cookie held by person A;, and letting a; be the number of
cookies held by A; we define

n a;
W= >
i=—n+1
to be the total weight of the cookies. We note that if a cookie is passed towards Agy (from
Ay to Ay(;_y), for i positive) then the total weight W is unchanged, because two cookies
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of weight 1/2 become a single cookie of weight 1/271. On the other hand, if a cookie is
passed away from Ay, then the total weight decreases. So W is non-increasing.

Suppose first that m < 2", and that all of the cookies are initially given to A,. Then
W =m/2™ < 1 initially, and it is impossible for A = Ay to receive a cookie, because then
the final weight would be at least 1.

We must now show that if m > 2", then no matter how the cookies are distributed there
is a strategy for passing them such that A receives a cookie. We will show that this can
always be done just by passing the cookies around one side of the circle, and to do this
we modify W, letting

Then W, is the total weight of the cookies held by Ag, Ay, ..., A,, and W_ is the total
weight of the cookies held by Ay, A_1,..., A_,. We now claim:

Lemma 4.1. If m > 2" then W, W_ can’t both be smaller than 1.

Proof. We have

W, + W = a9+ 20 4§ Gt 0z
2 — 2t

a a e +a

0 n 7 —1
Z 2n—1 + 2n—1 + Z 2n—1

i=1

1 n

- gn—1 Z @
i=—n+1

m

- on—1 > 2.
The lemma follows. O

We may assume without loss of generality that W, > 1. We now ask A,, A, 1,...,A4;
in turn to pass as many cookies as they can to their anticlockwise neighbour: first A,
passes |a, /2] cookies to A,_1, then, once A; has been passed cookies by A;,1, he or she
passes as many cookies as possible to A;_;. Let x; be the number of cookies held by A;
once this is complete. Then z; € {0,1} for i = 1,...,n, and the total weight W, will be
unchanged, because cookies have only been passed towards Aj.



To complete the proof we show that xqg > 1. We have

<x0+Z—. (since x; € {0,1} fori=1,...,n)

So xy > 0, and since z( is an integer, we are done. O

. A group of students at a school is popular if any other student at the school has a friend
in the group. Suppose it is known that the school has at least 100 popular groups. Show
that it must in fact have at least 101 popular groups.

You may assume that friendship is symmetric: if A is friends with B, then B is friends
with A.

Solution: It suffices to show that the number of popular groups must be odd. Let S be
the set of all students at the school, and let V' be the set of non-empty subsets of S. We
will show that the number of popular groups is odd by constructing a graph with vertex
set V' in which the vertices of even degree are precisely the popular groups. The result
will then follow from the handshake lemma.

To construct the graph, we will join A and B in V by an edge if AN B = () and no-one
in A is friends with anyone in B. We now consider the degree of each vertex A. If A is
popular and B is disjoint from A then every student in B is friends with a student in A,
so there is no edge between A and B. It follows that all popular groups have degree 0.
Conversely, if A has degree 0 and there is a student s such that s ¢ A, then the fact that
there is no edge between A and {s} implies that s is friends with someone in A, so A is
popular.

Now suppose that A is not popular, and let C' be the (nonempty) set of students in S'\ A
that have no friends in A. Then for any B € V| there is an edge between A and B if and

only if B C C; since § ¢ V the number of such sets is 2/°/ — 1, which is odd. Thus, all
non-popular groups have odd degree, and all popular groups have even degree, as claimed.

By the handshake lemma there is an even number of vertices of odd degree, and so the
number of non-popular groups is even. But since |V| = 2! — 1 is even, this means that
the number of popular groups is odd. O

. A certain country has n cities, some of which are connected by one-way roads. Any given
pair of cities can have more than one road between them, in either or both directions.

It is known that any two routes from the capital Alphaton to the largest city Omegaville
via these roads must have at least one road in common. Show that some road must belong
to all of the routes from Alphaton to Omegauville.



Figure 1: Construction of the paths Ry, R] (pale blue) and Rs, R, (magenta). The dashed
paths (R}, Rj) omit the dashed portions.

Solution: The cities and roads form a “directed graph” or digraph, with the cities as
vertices, and a directed edge from u to v if there is a one way road from city u to city v.
Label the vertices representing Alphaton and Omegaville o and w respectively (natually
enough!). Our strategy will be to identify a candidate for an edge that belongs to all
possible routes, and then show that it really does do what we want. The tool we will use
for doing this is the extremal principle, and the underlying idea is this:

Find two paths that go as far as possible without sharing an edge. Then the
next edge on these paths must belong to all routes, or we could find two paths
that go further without sharing an edge.

In order to apply this idea we first need a way to measure the distance travelled from «
towards w. The yardstick we will use is the shortest path from « to w, so this is the first
thing we’ll define.

Let P be a path of minimal length from « to w, with vertices o« = vy, vy, ..., v, = w, and
edges e; from v;_q to v;. The fact that P is of minimal length guarantees that the vertices
v; are distinct: if we had v; = v; for some ¢ < j then we could obtain a shorter path from
a to w by following P from vy to v; = v; and then following P from v; to v,. Let m be
the largest integer such that there are edge disjoint paths from vy to v,,, and observe that
we must have m < n, by the statement of the problem. We claim that the edge e = e,,11
from v, to v,,11 lies on all paths from « to w.

Suppose to the contrary that there is a path @) from a to w that does not use the edge e.
Let P, and P, be two edge disjoint paths from vy to v,,, and let w be the last vertex on
@ that belongs to either P, or P, (note that w must exist, since « lies on all three paths).
Without loss of generality we may assume P; and P, have no repeated vertices (by the
argument we used for P), and that w lies on P;. We construct two paths from « to w as
follows: we let R; be the path that follows P; as far as w, and then follows () from w to
w; and we let Ry be the path that follows P, from « to v,,, and then follows P from v,
to w. See Figure [l

Now, let vy be the first vertex among v,,11, ..., v, = w encountered on R, and consider
the paths R}, R} obtained by following R; and R, until vy, is first encountered. We claim
that R} and R; are edge disjoint, contradicting the choice of v, as the furthest vertex
from a on P that can be reached by two edge disjoint paths.

To prove the claim we consider the different portions of R| and R,. Firstly, R| cannot
share any edges with the portion of R, from v,,.; to vx, because vy is the only vertex
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on this path belonging to R)|. Additionally, R} doesn’t use e,,.1, because W doesn’t use
this edge, and if P; did, then it would have v,, as a repeated vertex. Finally, R} cannot
share an edge with the portion of R} coming from P, because P; is edge disjoint from
P, and the portion of () from w to v, has no vertices in common with P, except possibly
w. This proves the claim.

The existence of () contradicts our choice of m, and so there can be no path from a to w
that omits e,, 1. This completes the proof. O

. Let X = {Aq, Ag, ..., Ay} be a set of distinct 3-element subsets of {1,2,...,36} such that

(a) A; and A; have non-empty intersection for every i, j.

(b) The intersection of all the elements of X is the empty set.

Show that n < 100. How many such sets X are there when n = 1007

Solution: For a problem like this, a useful first step can be to try to identify the
configurations that realise the bound of n = 100. This can give you an idea of what
you're aiming for, and how to prove it. In addition, if you don’t manage to prove the
bound, you may still pick up any points available for correctly counting the configurations
that realise it.

After playing around for a bit you may find one or both of the following two ways of
realising the bound:

(I) The sets {1,2,3}, {1,2,4}, {1, 3,4}, {2, 3,4}, together with all subsets of the form
{1,z,y} with x € {2,3,4} and y € {5,...,36}; a total of 4 + 3 x 32 = 100 sets.

(IT) The set {1,2,3}, together with all subsets of the form {x,2,3}, {1, 2,3} and {1, 2, x}
for x € {4,...,36}; a total of 14 3 x 33 = 100 sets.

Even if you only find one of these configurations, this can still give you a way to attack
the problem, and trying to prove that the configuration you've found is the only possibilty
should lead you to the second. This is in fact what happened to me when I first solved
this problem: initially I only found the second type of configuration given above, and
discovered the first while trying to prove that it was impossible for X to be large if it
contained sets A;, A;, Ay such that A, N A; = A; N A, = A, NA ={l}.

A feature that the two configurations above share is the existence of a triangle: sets
A, Aj, Ay such that

AinA; = {x}, AN Ay = {y}, AN A; = {z}

for three distinct elements x,y,z € {1,2,...,36}, which we will call the vertices of the
triangle. Moreover, the triangle gives us a way to home in on the “special” elements
of the configuration: in the first one of the “sides” must be {2,3,4}, with 1 as the
remaining vertex, and in the second configuration any triangle will have vertices 1, 2 and
3. Finding a way to identify these points from the start will surely help in determining
the configurations that realise the bound, so let’s try to show that for X to be large it
must contain a triangle, and then try to exploit the triangle to prove the bound.

To show that X must have a triangle, we prove:



Lemma 7.1. If X does not contain a triangle then | X| < 100.

Proof. First note that if X is triangle-free then it cannot contain sets A;, A;, A such that
ANA =ANA, = A, NA, = {z}. This is because X must also contain a set A,
that omits « but meets each of A;, A;, A;, and then A;, A; and A,, will form a triangle,
because the elements in common between A,, and each of A;, A;, A; will all be distinct.

Suppose next that X contains sets A;, A; such that |4; N A;| = 1. Without loss of
generality we may assume that these sets are A} = {1,2,3} and Ay = {1,4,5}. Now X
must contain some set A; that does not contain 1, and any such set must meet both A;
and As, so must contain at least one of 2 and 3, and at least one of 4 and 5. In addition,
it must contain either {2,3} or {4,5}, or A;, Ay and Ay, will form a triangle. This means
that X contains at most four sets that omit 1, and we may assume that one of them is
A =1{2,3,4}.

Applying the same argument to A, and A3 we see that there are at most four sets that
omit 4. Any further sets belonging to X must then contain {1,4}; there are at most 34
such sets, so X certainly can’t contain more than

2+44+4+34=44 <100

sets.

Lastly we must consider the case where no two sets in X intersect in a set of size 1.
Without loss of generality {1,2,3} € X. Then X must contain some set omitting 1
but meeting {1,2,3} in a set of size 2; without loss of generality this set is {2,3,4}.
Additionally we require a set omitting 2, and this must meet {1,2,3} in {1,3}, and
{2,3,4} in {3, 4}, so can only be {1,3,4}. A similar argument forces {1, 2,4} to belong to
X, and at this point we can add no further sets without violating the condition |A;NA;| >
1. In this case X contains at most four sets (which can be regarded as the faces of a
tetrahedron), so the lemma is proved. O

We now exploit the triangle.

Lemma 7.2. Suppose that X contains a triangle with vertices a,b,c, and let X, be the
set of elements of X that contain a but not b or ¢, and X, the set of elements of X that
contain b and ¢ but not a. Then

| Xa| + [ Xpe| <33,
with equality if and only if one of the following conditions holds:

(a) There is d ¢ {a,b,c} such that Xy = {{b,c,d}} and X, = {{a,d,z} : = ¢
{a,b, ¢, d}};
(b) Xo=0 and Xpo = {{b,c,z} : x ¢ {a,b,c}}.

In fact this lemma doesn’t require a, b, ¢ to be the vertices of a triangle, just that | Xp.| > 0.
Note further that at this stage we do not assume that {a,b,c} € X.



Proof. Since X contains a triangle with vertices a, b, ¢ there must be some d ¢ {a,b, c}
such that {b,c,d} € X.. Elements of X, must therefore have the form {a,d,z}, for
x ¢ {a,b,c,d}. We consider two cases, according to whether or not {b, c,d} is the only
element of Xj,.

If {b,c,d} is the only element of Xj. then every set of the form {a,d,z} may belong to
X,. This gives us at most 32 sets in X,, with the equality |X,| + | Xp.| = 33 realised if
and only if X, contains all such sets. This is condition (a) above.

If X,. contains a second set {b,c,e} and no other then X, may contain only the set
{a,d,e}, and |X,| + |Xp| < 3. If Xj contains any additional sets then X, must be
empty, and in this case | X,| + | Xj| is maximised when X, contains all sets of the form
{b,c,z}, as in condition (b) above. O

Suppose now that X contains a triangle, and assume without loss of generality that the
sides of the triangle are {2, 3,4}, {1,3,5}, and {1,2,6}. If A; € X does not belong to one
of the six sets Xy, Xy, X3, X192, Xi3, Xo3 then A; must equal either {1,2,3} or {4,5,6}.
We cannot have both of these sets in X, since they are disjoint, so

| X| <1+ | X0] 4 | Xo| + [ Xa| + | Xio| + [ X3 + [ Xa3| < 100.
This establishes the bound. For equality to hold we must have
| Xa| + [ Xos| = [Xo| + [ Xus| = | X5 + [ Xa2| = 33,

and so either condition (a) or (b) of Lemma [ must hold for each. However, condition (a)
can hold for at most one vertex of the triangle: if it holds for both 1 and 2, then the
disjoint sets {1,4,7} and {2,5,8} will belong to X, contradicting the statement of the
problem.

Suppose first that conditon (a) holds with say a = 1. Then condition (b) must hold for
the vertices 2 and 3. Moreover X can contain {1,2,3} but not {4,5,6}, since {4,5,6} is
disjoint from {1, 2, 7}, which must belong to X. This leads to the family of sets (I) above.
On the other hand, if condition (a) does not hold for any vertex then condition (b) must
hold for each. Again X may contain {1, 2,3} but not {4, 5,6}, and we arrive at the family
of sets (II).

It remains to count the number of ways to realise the bound. Families of type (I) are
completely determined by the choice of vertex 1 and opposite side {2, 3,4}, so there are
36 (335) such families, while families of type (II) are completely determined by the choice
of vertices {1,2,3}. This gives a total of

35 36 36
36 =34
() +(5)=2(5)
families altogether. O
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