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1. Problem: Find all positive integers m and n such that

5m+ n

3m+ 7n

is a fraction in its simplest form (i.e. it cannot be reduced further).

Solution: (James Xu)

This is equivalent to finding m and n such that gcd(5m+ n, 3m+ 7n) = 1.

Clearly we need gcd(m,n) = 1. Assuming this is true,

gcd(5m+ n, 3m+ 7n) | gcd(15m+ 3n, 15m+ 35n) | 32n
gcd(5m+ n, 3m+ 7n) | gcd(35m+ 7n, 3m+ 7n) | 32m

and since gcd(m,n) = 1, we must have gcd(5m+ 3n, 3m+ 7n) | 32

This is 1 if and only if at least one of them is odd, so we must have that either m
or n (but not both) is even, and gcd(m,n) = 1.



2. Problem: Let ABC be an acute triangle with AB < AC. Let D and E be
the respective feet of the altitudes from A to BC and B to AC, and suppose that
DC = 3 ·BD. Let X be the reflection of point E over line AD. Prove that AXBC
is cyclic.

Solution: (Nico McKinlay)

Let M be the midpoint of side BC. The length condition necessitates that D is the
midpoint of segment BM .
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Since D is the midpoint of BM and AD ⊥ BM , line AD is the perpendicular
bisector of BM , i.e. points B and M are each others’ reflections over line AD. So
by reflectional symmetry over line AD, we have

∠AXB = ∠AEM.

Since M is the midpoint of BC and ∠BEC = 90◦, it follows by the converse of
Thales’ theorem that MB = ME = MC. Putting everything together,

∠AXB = ∠AEM (see above)

= 180◦ − ∠CEM (angles on a line)

= 180◦ − ∠ECM (since ME = MC)

= 180◦ − ∠ACB

so AXBC has a pair of supplementary opposite angles, and is therefore cyclic.



3. Problem: Do there exist real numbers x, y and z satisfying the following?

x4 + (y − 2)2 = y4 + (z − 2)2 = z4 + (x− 2)2 =
7

4
.

Solution 1: (Nico McKinlay)

We claim that the answer is no.

Lemma 1: We claim that

x4 + (x− 2)2 >
7

4

for all real x.

Proof: Expand the inequality and re-factorise to obtain(
x2 − 1

2

)2

+ 2(x− 1)2 > 0.

Since the left hand side is a sum of squares, each term is at least 0 with equality if
and only if x2 = 1

2
and x = 1 respectively. Since 12 ̸= 1

2
, both of these terms cannot

be 0 at the same time, so the inequality is strict.

Using Lemma 1,

x4 + (x− 2)2 + y4 + (y − 2)2 + z4 + (z − 2)2 > 3× 7

4
.

But by summing the three equations from the problem statement, the left hand side
should be exactly equal to 21

4
, which is impossible.

Solution 2: (Anonymous)

We give an alternative proof of Lemma 1. Note that

x4 + (x− 2)2 >
7

4

⇐⇒ x4 + x2 − 4x+ 4 >
7

4

⇐⇒ x4 + x2 +
9

4
> 4x

Then by AM-GM,

LHS = x4 + x2 +
9

16
+

9

16
+

9

16
+

9

16

⩾ 6
6

√
x6

(
9

16

)4

= 6 |x|
(

9

16

) 4
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⩾ 6x

(
3

4

) 4
3

> 6x · 2
3

= 4x

and the last inequality holds because (
3

4

) 4
3

>
2

3

⇐⇒
(
3

4

)4

>

(
2

3

)3

⇐⇒ 37 > 211

⇐⇒ 2187 > 2048

Solution 3: (Nico McKinlay)

We give an alternative proof of Lemma 1. Consider the polynomial

p(x) = x4 + (x− 2)2.

It is known that any monic polynomial of even degree has a global minimum, at
which the derivative of the polynomial is zero. Let p(x) attain its global minimum
value at x = c, and let pmin = p(c) be this minimum value. Differentiating,

p′(x) = 4x3 + 2(x− 2)

=⇒ 4c3 + 2(c− 2) = 0

=⇒ 2c3 + c− 2 = 0

=⇒ c3 = 1− c

2
.

pmin = c4 + (c− 2)2

= c · c3 + (c− 2)2

= c ·
(
1− c

2

)
+ c2 − 4c+ 4

=
c2

2
− 3c+ 4.

It remains to be shown that pmin > 7/4. Note that this is equivalent to

c2

2
− 3c+ 4 >

7

4
⇐⇒ c2 − 6c+ 8 >

7

2
⇐⇒ (c− 3)2 >

9

2
⇐⇒ |c− 3| > 3√

2
.

So consider the derivative of p(x) at x = λ, where λ = 3− 3√
2
.

p′(λ) = 4λ3 + 2(λ− 2)

= 272− 192
√
2



= 16 ·
(
17− 12

√
2
)

= 16 ·
(√

289−
√
288

)
> 0

where the initial expansion/simplification has been omitted for brevity. Because
p′(x) is strictly increasing (as its derivative p′′(x) = 12x2 + 2 is positive), p′(c) = 0
and p′(λ) > 0 together imply c < λ. Hence 3 − c > 3√

2
, which gives us pmin > 7/4

by the equivalence chain above.

Solution 4: (Nico McKinlay)

We give yet another proof of Lemma 1. Firstly, compute a table of values for the
polynomial p(x) = x4 + (x− 2)2, to get a rough idea of where its minimum is.

x x4 (x− 2)2 p(x)

1 1 1 2

0.9 0.6561 1.21 1.8661

0.8 0.4096 1.44 1.8496

0.7 0.2401 1.69 1.9301

The idea is to notice that this data captures enough of the ‘shape’ of p(x), because
p(x) is strictly convex (as its second derivative p′′(x) = 12x2 + 2 is positive).

It is a known property of strictly convex curves that if P , Q and R are distinct
points on the curve in order of increasing x-coordinate, then Q lies below segment
PR, i.e., the gradients of PQ and QR satisfy mPQ < mQR. Call this property (⋆).

Suppose for the sake of contradiction that Lemma 1 is false. Then, invoking IVT
(intermediate value theorem), there exists a point T = (t, 1.75) on the curve p(x).
Let P , Q, R and S be points on the curve with x-coordinates 0.7, 0.8, 0.9 and 1,
respectively. Since we get a contradiction in all of the following cases, we’re done.

Case A: t < 0.7
Then mTP > 0 > mPQ contradicts (⋆).

Case B: 0.7 < t < 0.8
Then mTQ > 1.8496−1.75

0.1
> 1.8661−1.8496

0.1
= mQR contradicts (⋆).

Case C: 0.8 < t < 0.85
Then mPQ = −1.9301−1.8496

0.1
> −1.8496−1.75

0.05
> mQT contradicts (⋆).

Case D: 0.85 ≤ t < 0.9
Then mTR ≥ 1.8661−1.75

0.05
> 2−1.8661

0.1
= mRS contradicts (⋆).

Case E: t > 0.9
Then mQR > 0 > mRT contradicts (⋆).



4. Problem: Let Q+ denote the set of positive rational numbers. Does there exist
an infinite subset S of Q+ such that every positive rational number is the product
of the elements of a unique finite subset of S?

Note: We consider the product of the empty set {} to be 1.

For example, if S = {1
2
, 3, 5, 7, 9, 11, 13, 15, . . . }, then 9 would be a product of a

unique finite subset of S, but not 15
2
, as it can be made by either 1

2
×15 or 1

2
×3×5.

Solution: (Ethan Ng)

We claim that the answer is yes. Consider the set

S = {p(−2)n | p prime, n is a non-negative integer}.

We claim that this satisfies the problem statement.

Lemma 1: Every integer n has a unique representation as the sum of unique powers
of −2 (where a power of −2 is a number of the form (−2)k for some non-negative
integer k).

Proof: We proceed by strong induction on the absolute value of n. First note that
since |(−2)m| > 1 + 2 + . . . + 2m−1 for m ⩾ 1, we uniquely write 0 as the sum of
elements of the empty set, as any non-empty set of powers of −2 would produce a
nonzero sum. Similarly, we can uniquely write 1 = 1, since 1 is odd (so 1 has to be in
the set), and any larger powers of −2 would have nonzero sum as explained above.
For −1 = 1−2, again since −1 is odd, 1 must be in the set, after which a remainder
of −2 must be made. Suppose for the sake of contradiction that −2 can be made
in two different ways, i.e. there exist distinct subsets S, T ⊂ {0, 1, 2, 3, . . . } such
that

∑
k∈S(−2)k =

∑
k∈T (−2)k = −2. Note that 0 ̸∈ S, T since −2 is even. Hence

after dividing through by −2, the fact that
∑

k∈S(−2)k−1 =
∑

k∈T (−2)k−1 = 1
contradicts that 1 has a unique representation.

For the inductive step, consider a number n. By Remainder Theorem we can write
n = −2q + r where r = 0 or 1 and q is unique. Since

|q| =
∣∣∣∣n− r

−2

∣∣∣∣ ⩽ |n|+ 1

2
< |n|

(where the middle inequality is by Triangle inequality), by the inductive hypothesis
q can be uniquely represented as a sum of powers of −2. Then by multiplying q’s
representation by −2, and adding an extra 1 if r = 1, we obtain a representation
of n as the sum of powers of −2. To show that this representation for n is unique,
suppose there are two different representations for n, then after subtracting 1 if
r = 1 and dividing by −2, we get two different representations for q, contradiction.
This completes the proof.

By using the Fundamental Theorem of Arithmetic extended to rational numbers,
we can write each number n as pe11 pe22 . . . penn , where the pi are primes and the ei
are integers. By applying Lemma 1 to each ei, we can write each prime factor of n
as elements of S, and this decomposition is unique by FTOA and Lemma 1. This
completes the proof.



5. Problem: Let pi denote the ith odd prime, so p1 = 3, p2 = 5, etc. Does there
exist an infinite sequence of positive integers a1, a2, a3, . . . such that for all positive
integers n, the number a21 + a22 + . . .+ a2n is a multiple of pn?

Solution: (James Xu)

Answer: Yes, such a sequence exists.

Lemma: For every odd prime p and every integer c, there exist integers x, y such
that

x2 + y2 ≡ c (mod p).

Proof: c−x2 has p+1
2

values and y2 also has p+1
2

values modulo p but only p possible
residues modulo p, so by Pigeonhole Principle there exists some value obtained by
c− x2 and y2 such that they are equal and hence x2 + y2 ≡ c (mod p).

Construction. We build a1, a2, . . . recursively. Let S0 = 0 and, for n ≥ 1, Sn =
a21 + · · ·+ a2n. We induct on the following statement:

(∗n) there exists an integer cn with c2n ≡ −Sn (mod pn+1).

For n = 0, (∗0) holds trivially with c0 = 0, since S0 = 0.

Inductive step. Suppose a1, . . . , an have been chosen so that pk | Sk for all 1 ≤ k ≤ n,
and (∗n) holds via some cn with c2n ≡ −Sn (mod pn+1).

Apply the Lemma with p = pn+2 and c = −Sn: there exist integers d, e with

d2 + e2 ≡ −Sn (mod pn+2).

Since pn+1 ̸= pn+2 are distinct primes, the Chinese Remainder Theorem gives in-
finitely many positive integers an+1 satisfying

an+1 ≡ cn (mod pn+1), an+1 ≡ d (mod pn+2);

choose one such an+1.

Then:

• Sn+1 = Sn + a2n+1 ≡ Sn + c2n ≡ 0 (mod pn+1), so pn+1 | Sn+1;

• −Sn+1 = −Sn − a2n+1 ≡ −Sn − d2 ≡ e2 (mod pn+2), so (∗n+1) holds with
cn+1 = e.

Thus the construction extends to n + 1, maintaining both the required divisibility
and the invariant.

By induction, this produces an infinite sequence of positive integers a1, a2, . . . such
that

pn | a21 + a22 + · · ·+ a2n for every n ≥ 1.
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