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1. Problem: Determine all pairs of positive integers (m,n) such that 2™+ 3" 45" =
n!.

Solution 1: (Nico McKinlay)

Consider the remainder when each term is divided by 3, that is, consider the equation
modulo 3. Since 2" 4+ 3™ + 5™ > 2+ 3+ 5 > 3!, n must be greater than 3 so n!
must be divisible by 3. So we have

2m4+2" =0 (mod 3)

which is not possible, since the powers of two alternate between 2 and 1 in modulo
3. m

Solution 2: (Ethan Ng)

Consider the equation modulo 7. This time, since a® = 1 (mod 7) by Fermat’s
Little Theorem, we only need to check values of m up to 6, since they repeat after
this.
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Hence, the left hand side of the equation cannot be a multiple of 7 for any positive
integer m, son < 7.

It remains to check the cases for n from 1 to 6, none of which work. Thus there are

no such pairs (m,n). O

Solution 3: (James Xu)

We claim that no such pair exists.
Firstly, note that m < nlogsn < n?, since 518" = n™ > n! for all n > 2.

Let v,(n) be the highest power of p which divides n, that is, p»(™ | n but p*»(™M+1 f p.



Secondly, note that if m is even, then 3™ = 1 = 5™ (mod 4). Then, w(n!) =
v5(LHS) = 1, which clearly cannot hold for n > 4.

By Legendre’s Formula,
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and by Lifting the Exponent Lemma

vs(LHS) = v5(2™ + 3™)
=v5(2" = (=3)")
= v5(5) + v5(m)
< 1+ logs(n?)
=1+ 2log;n

<|3]
for n > 30.

The vy values of the left-hand and right-hand sides of the equation will never match
for n > 30, so there cannot be any solutions there. It remains to check the cases for
n from 1 to 30, none of which work. Thus there are no such pairs (m,n). O



2. Problem: Points A, B, C and D lie on a circle in that order, and I is the incentre
of triangle ABD. Suppose C'I bisects ZBC'D. Prove that triangle BC'I and triangle
ICD are similar.

(The incentre of a triangle is the point at which its internal angle bisectors meet.)

Solution 1: (Nico McKinlay)
Let 6 = Z/BAI = %ABAD, as shown.

A

ZBID =180° — ZIBD — ZIDB (angle sum in AIBD)
=180° — $ ZABD — : ZADB (incentre angle bisections)
= 180° — L(LABD + ZADB)
= 180° — £ (180° — ZBAD) (angle sum in AABD)
=90° + 3ZBAD
=90°+46

/BCI = $/BCD (CT bisects ZBCD)
= 1(180° — ZBAD) (opposite angles in a cyclic
=90°—1/BAD quad are supplementary)
=90°—4¢

LCID = /ZBID — /ZBIC
=/BID — (180° — ZBCI — ZCBI) (angle sum in ACBI)
— (90° + 6) — (180° — (90° — §) — ZCBI)
= (90° + ) — (90° + 0 — LOBI)



= /CBI.

Since /BCI = ZICD and ZCBI = ZCID, the result follows by AA-similarity.
O

Solution 2: (Ethan Ng)
Define 6 and calculate ZBID = 90° 4+ 6 and ZBCI = 90° — 6§ as in Solution 1.

Extend DI to intersect the circle at D’. Then ZD'IB = 90° — § = ZBCI, so
DD’ is tangent to the circumcircle of triangle BCI, by the converse of alternate

segment theorem. Applying the alternate segment again with segment DI and the
circumcircle of triangle BCT yields ZDIC = ZIBC.

By a similar argument, we may show that Z/BIC' = ZIDC'. The result then follows
by AA-similarity. O

Solution 3: (George Zhu)

Extend IC to a point T" on the circumcircle of triangle BID. As in Solution 1 we
can calculate ZBID = 90° 4+ 0 and ZBCT = 90° — 6.

Note that B, T, D, I cyclicyields Z/BIC = ZBIT = ZBDT. Also note that /BT D =
180° — ZBID = ZBC'I. This implies ABCI ~ ABTD.

Similarly AICD ~ ABTD, and the conclusion follows. ]



3. Problem: Suppose real numbers a, b, ¢ satisfy (1 + %) (1 + %) (1 + g) = 2. Prove
that at least one of

c+a—2b

a+b+c

a+b—2c
a+b+c

b+c—2a
a+b+c

Y Y

is smaller than or equal to 2.

Solution: (George Zhu)

Observe that
(=) (+8) (492

< (a+b)(b+ c)(c+ a) = 2abe
& (a+ b+ c)(ab+ be + ca) — abe = 2abe

& (a+ b+ c¢)(ab+ be + ca) = 3abce

Note that a + b 4+ ¢ must be non-zero as a + b + ¢ = 0 gives 3abc = 0 which is
impossible in the original equation.

Let A = 2;;;:; , B = 2;:;;; ,C = 2;;;;’ ,and s = a + b+ ¢, then
ABC — (2a —b—¢)(2b—c—a)(2c —a —b)
B (a+b+c)?
| (s = 3a)(s — 3b)(s — 3c)
— 5

s3—3(a+b+c)s? 4+ 9(ab + be + ca)s — 2Tabe
<3

25 — 9(ab + bc + ca)(a+ b+ ¢) + 2Tabe
3

=2.

The conclusion follows. O]



4. Problem: A rectangle R is divided into a set § of finitely many smaller rectangles
with sides parallel to the sides of R, such that no four rectangles in & share a
common corner. An ant starts at a corner of a rectangle in §, and on each move,
is allowed to choose a rectangle r in S such that the ant is currently at one of the
corners of r and jump to the opposite corner of r. Show that, regardless of how R
is divided into smaller rectangles, there will always be two corners in S that the ant
will not be able to jump between.

Solution 1: (Ethan Ng)

Consider the set C of all corners of rectangles in S.

Note that since no corner is shared by four rectangles, each corner can only be
shared by at most two rectangles (if three rectangles share a corner, then a fourth
must necessarily share it as well). Note also that the corners of R can only be part
of one rectangle.

Consider the ant starting from one of the corners ¢ of R. This corner can only be
part of one rectangle in S, so it has only one choice for where to jump. Suppose
that at each jump, the ant reaches a corner it has not previously reached. If the
ant continues in this way, then since each corner is only connected to at most two
others, each jump is forced, as it cannot jump back to the corner it arrived from.

Since there are finitely many rectangles in S, the ant’s path must eventually termi-
nate, either by reaching a corner it has seen before, or reaching a corner of R. If
the ant eventually reaches another corner of R, then it must not have been able to
reach any of the other two corners of R, since the path the ant took between the
first and last corners cannot “branch”. If the ant does not eventually reach another
corner of R, it must not be able to any other corner of R, again since the path does
not branch.

Thus there must be two corners in S that the ant will not be able to jump between.
O

Solution 2: (Ethan Ng)

Consider the set C of all corners of rectangles in S as the vertices of a graph G,
and let |C| = n. Draw an edge between two vertices of C if the ant is able to jump
directly between them (they are opposite corners of a rectangle in S).

Then the corners of R have degree one, since they can only be a part of one rectangle,
while all other v € C have degree at most two. Hence the sum of the degrees of the
vertices G is at most 4 + 2(n — 4) = 2n — 4. As this is less than 2n — 2, G cannot
be a connected graph.

Hence there must be two vertices of G which are not connected by a path, and hence
the ant cannot jump between the corners corresponding those two vertices. O



5. Problem: Do there exist real numbers x,y and z satisfying the following system

of equations?

(1 1 1
+ + =4
r+y y+z z+z
z x
+ + L=
r+y y+z z+zx
x z 2T
Yoy
\z+y y+z =z+zx
Solution: (George Zhu)
The answer is no. Let
1 1 1
A= + +
r+y y+z z+x
x z
B= + L4
y+z zZz4+x Tty
o xy yz 2T

= + +
r+y y+z z+zx

Notice that

1 1 1
(z+y+2) + +
r+y y+z z+<zx
_x+y+z+x+y+z+x+y+z
Tr+y Y+ 2 Z+x
x z
= + Y +
yt+z z+x THY

+3

so B=(r+y+z)A—3and s =x+y+ 2z = 1. Similarly,

2 2 2
p="2_4+ Y . = =s(B—-1)=0
y+z z+x x4y

Note that s + C' = 0, and
ﬁ+yz+x@+zf+f+wm+y@+x)+¥+wy+Mz+@

+C+D=
° Y+ =z z+x y+z
_tylts) G+y+a) (e+2)(z+y)
Y+ z zZ+x r+y

= (@ +y)y+2)(z+2) ((xiy)2+(yiz)2+ (Z—:$)2) =0

HHMﬂmedx+%y+&z+xw“gp+@ép+&iwimmwﬂﬂﬂLdeﬂﬁmpwﬂMe

Therefore this system of equations has no solutions. O]



6. Problem: Let ABC be a triangle, and let M be the midpoint of BC. Let X be a
point on segment AM. Let Y be the foot of the altitude from X to BC. Let Z be a
point on segment XY. Let D and E be the feet of the altitudes from Z to AB and
AC, respectively. Prove that if X lies on segment DFE, then AZ bisects Z/BAC.

Solution: (Nico McKinlay)

Assume X lies on DE. Draw a line parallel to BC' through X, and let it intersect
AB and AC at F and G, respectively.

A

A4
A4

B Y M C

Notice that there is a dilation centred at A which maps FXG to BMC. So, as M
is the midpoint of BC', X must correspondingly be the midpoint of F'G.

Also XY 1 BC and BC' || FG imply XY L FG. So Z lies on the perpendicular
bisector XY of F'G, which means F'Z = GZ, i.e. AFZG is isosceles with apex Z.

Further notice that XEGZ, XFDZ and ADZE are cyclic quads (with diameters
GZ, FZ and AZ), because LZXG = LZEG =90°, LZZDF = /ZXF = 90°, and
LADZ = /ZAEZ = 90°. Finally

LBAZ = /DAZ

=/ZDEZ (ADZE cyclic)
=/XFEZ

=/XGZ (XEGZ cyclic)
=/XFZ (AFZG isosceles)
=/XDZ (XFDZ cyclic)
=/ZEDZ

=/LFEAZ (ADZFE cylic)
=/CAZ

so AZ bisects ZBAC. O



7. Problem: An axbsquare grid has ab vertices (points at the corners of the squares)
and 2ab — a — b edges joining the vertices. We draw n straight lines crossing some
edges of the grid. The lines could be parallel to the sides of the grid, or at an angle.
If a line only touches an edge at a vertex, it does not count as “crossing” that edge.
Find, in terms of a and b, the minimum value of n such that it is possible to draw
the lines in such a way that each edge in the grid is crossed at least once.

For example, the below is an example of a line through a 4 x 3 grid, along with the
edges it “crosses”.

e

—

d

Solution: (Ethan Ng)

Suppose a is the width of the grid and b is the height of the grid. Without loss
of generality, suppose a < b. We claim the answer is 2a — 2 if a = b, and 2a — 1
otherwise. We first prove the lower bound.

Case 1: There are no lines parallel to the sides of the grid. In this case, consider
the 2(a—1)4+2(b—1) = 2a+ 2b— 4 edges on the outside of the grid (marked green).

These edges form a convex polygon, and a line not parallel to the sides of a convex
polygon can intersect it in at most two places. Hence we need at least

2a +2b—4

= b—2
5 a+
lines to cover all edges in this case.

Case 2: Some lines are drawn which are parallel to the sides of the grid. Suppose
there are x vertical lines drawn which completely overlap edges of the grid, and y



horizontal lines drawn which completely overlap edges of the grid. We proceed by
casework on x and y.

Case 2a: v < a—1and y < b—1. In this case, after drawing those lines overlapping
edges of the grid, there must be at least two horizontal and two vertical rows which
are untouched. Consider the rectangle formed by the leftmost and rightmost un-
touched vertical lines and the highest and lowest untouched horizontal lines; colour
its edges green.

Since the maximum width of the green rectangle is at most x less than the width
of the large rectangle a, and the maximum height of the green rectangle is at most
y less the the height of the large rectangle b, the green rectangle has a width at
least a — x and a height at least b — y. By the logic of Case 1, we need at least
a—x+b—y—2 lines to cover the green edges, so in total we need at least a +b— 2
lines.

Case 2bi: v = a—1 and y < b — 1. In this case, we only have one vertical row
of edges untouched, whose edges we will colour green. Note that since we do not
have any more vertical lines overlapping edges of the grid, each green edge (of which
there are b — 1) must be crossed by a unique line. In this case the number of total
lines is at least a + b — 2.

Case 2bii: x <a—1and y =b— 1. By a similar argument to case 2bi, the number
of total lines will be at least a + b — 2.

Case 2ci: © = a and y < b — 1. In this case, there must still be an untouched row
of horizontal edges, each which must be covered by a separate line. Thus there are
at least a + a — 1 lines.

Case 2cii: x < a—1 and y = b. Similar to Case 2ci, there must still be an untouched
row of vertical edges, each of which must be covered by a separate line. Thus there
are at least b+ b — 1 lines.

Case 2ciii: © = a and y = b. Then all the edges are covered by lines parallel to the
sides of the grid, using a + b lines.

Examining the cases, we see that there are four different bounds: a + b — 2, 2a — 1,
2b—1and a+b. Clearly a+b>a+b—2and 20 — 1 > 2a — 1, so we only need



to consider a +b — 2 and 2a — 1. 2a — 1 < a+ b — 2 only when a < b — 1, which
matches our claim.

Now we simply must provide a construction which achieves each of these bounds.
In the a = b case, we draw a — 1 vertical lines to cross each horizontal edge and
b — 1 horizontal lines to cross each vertical edge. In the a < b case, we draw a — 1
vertical lines to cross each horizontal edge and a vertical lines to cross each vertical
edge.

An example for the case a = b:

An example for the case a < b:




8. Problem: Call a positive integer N happy if N divides 2¥~! — 1. Do there exist
infinitely many pairs of primes (p, ) such that N = pq is happy?

Solution: (James Xu)

Lemma 1. Let pp(z) be the largest prime divisor of . Then the set S containing
all p such that py(2% — 1) = p for some prime k is inﬁnite.

Proof: Suppose for the sake of contradiction S was finite. Let P be the largest
element of S. Then consider the number

oF 1

and any prime ¢ which divides it. Then 2 =1 (mod ¢), and also 2971 =1 (mod q).
Consider the order of 2 in mod ¢g. Clearly the order cannot be 1, since 2 # 1 (mod g).
But ord,(2) | P, so ord,(2) = P. Hence ¢ —1 > P and ¢ > P. All primes which
divide 2 — 1 are larger than P, so the largest prime P’ dividing 27 — 1 is also larger
than P. So pp/(2F — 1) > P, a contradiction. O

We claim that the answer is yes. We will construct infinitely many such pairs of
primes.

For the construction, consider the case where p # ¢. Then by Chinese Remainder
Theorem,

291 =1 (mod p)
271 =1 (mod q)

Now 27 = 2 (mod p), so the first reduces to 277! = 1 (mod p), and similarly we
need 2P~ =1 (mod q).

Thus it suffice to find pairs of primes (p, ¢) such that

ord,(2) | ¢—1
orde(2) [p—1

The intuition is now that we need to pick p, ¢ with small order.

Hence consider an integer k and let p and ¢ be the largest prime factors of 2% 4 1
and 2% — 1 respectively.

Thus, ord,(2) | 2k and ord,(2) | k.

In particular, if k is a odd prime then we must have ord,(2) = 2k (since it obviously
cannot be 2, and neither could it be k) and ord,(2) = k

Now 2k |p—1and k| ¢—1, but ¢ — 1 is even and k is odd so ord,(2) =2k | ¢ — 1
and ord,(2) = k | 2k | p — 1. By the Lemma, we can achieve infinitely many ¢ by
choosing different values of k, so we are done. O

IThis lemma is well known, but we shall write the proof here for completeness.



9. Problem: Consider the region R of points (z,y) in the plane such that |zy| < 1.
Let @ be a non-self-intersecting quadrilateral such that every point on the boundary
of (and inside) @ is in R. Is it possible that () has area greater than 87

Solution: (Nico McKinlay)
The answer is yes. Consider the quadrilateral ) = ABC' D with vertices

A=(-1,-1), B=(0,24+2V2), C = (&, %5), D= (2+2V2,0).

We will show that @) is contained within R and has area greater than 8.

The equation of AB is y = F22=y 94+ 9v/2 = (3+2v2)z +2+2V2. Fixa
with —1 <z < 0. We claim:

1
<(B+2V2)r+2+2vV2< -~
X

SH N

For the left bound, note £ < -1 < -1+ (3+2v2)(z+1) = 3+ 2v2)z +2+2V2.
For the right bound,

2(1+V2) by the AM-GM inequality
1
—=. O

o+ 1+ V2)P (—a)
— (3+2V2)z +2(1+V2)

NV

Thus we have shown that for every point (x,y) on segment AB, excluding B, we
have: 1/z <y < —1/x = Jzy| <1 = (z,y) € R. Additionally note B € R.
So segment AB is entirely contained within R.

Introduce C" = (—\/AQ, \%), the reflection of C' over the y-axis. Observe that C’ lies
on segment AB in view of -5 = (3 + 2\/5)(—\%) +2+2v2and —1 < —755 < 0.
Since AB is contained within R, the subsegment BC”" C AB must also be. So by

reflectional symmetry over the y-axis, segment BC' is contained in R.



Since segments AB and BC' are contained in R, it follows by symmetry that AD
and C'D are also contained in R (as () and R are symmetric about line AC). So
every point on the boundary of @) is in R.

We now compute the area of ). Any standard coordinate geometry method would
suffice here; for example using the quadrilateral shoelace formula,

(=1)(0) + (2 + 2v2)(J5) + (5)(2 + 2v2) + (0)(~1)

1 2
ABEP=5 ] (Fe+2v8) + 00 + ()0 + 2+ 2V3)(-D)
:%’(2+2\/§)(¢%+¢%+1+1)
= (1+V2)(2+V?2)
=4+ 3V2.
This is larger than 8, because 4 +3v2 =4+ V18 >4+ /16 =4+ 4 = 8. O
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